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Direct Simulation of Re-Entry Flows with Ionization
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The Direct Simulation Monte Carlo (DSMC) method is applied in this paper to the study of rarefied,
hypersonic, re-entry flows. The assumptions and simplifications involved with the treatment of jonization, free
electrons, and the electric field are investigated. A new method is presented for the calculation of the electric
field and handling of charged particles with DSMC. In addition, a two-step model for electron impact jonization
is implemented. The flowfield representing a 10-km/s shock at an altitude of 65 km is calculated. The effects
of the new modeling techniques on the calculation results are presented and discussed.

Nomenclature
constants
electric field
activation energy
energy of colliding particles
ionization energy
electric charge
Boltzmann constant
chemical rate coefficient
mass
number density
principal quantum number
energy of excited state
steric factor
electric charge
relaxation collision number
Rydberg constant
temperature
time
particle velocity
distance coordinate
internal degrees of freedom
collision frequency
reaction cross section
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Subscripts

value for electrons
value for heavy particles
value for ions

value for particle s
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Superscript
* = particle in excited state
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Introduction

HE Direct Simulation Monte Carlo (DSMC) method of

Bird® has been used for more than two decades in the
numerical simulation of physical fluid flows. The method has
been developed to the extent that it can be successfully applied
to typical engineering flows involving shocks in air with ther-
mal and chemical nonequilibrium. Recent work has been fo-
cused on extending the method to treat flows with ionization
and radiation.?* This level of complexity is necessary to pre-
dict accurately the re-entry flowfields for such vehicles as the
Aeroassist Flight Experiment (AFE) and Aeroassisted Or-
bital Transfer Vehicles (AOTV).

Certain difficulties are encountered when using DSMC with
flows involving ionization. The presence of ions and electrons
in the flow leads to electric field effects such as charged par-
ticle acceleration and ambipolar diffusion. Free electrons in
the flow have extremely high velocities and collision rates
compared with the heavy particles. This implies considerably
more computational time to simulate accurately these param-
eters. However, the determination of the free electron prop-
erties is particularly important, because the radiation envi-
ronment and level of electron impact ionization are dependent
on the energy of the free electrons. '

The method that has been employed by Bird? in previous
simulations of flow with ionization involves some approxi-
mations which may introduce errors in the determination of
free electron properties. In cases which require an accurate
determination of these properties, an alternate method is pro-
posed which involves the calculation of the ambipolar diffu-
sion-induced electric field and its influence on the motion of
the charged particles. An alternative approach to the calcu-
lation of electron impact ionization is also introduced. This
method involves the assumption that the reaction proceeds
in two steps: electron impact excitation followed by ionization
from the excited state.

DSMC Method

Statistical methods are used in the DSMC formulation to
obtain a simulation of the flow of low density gases. The
simultaneous computation of the trajectories of thousands of
simulated molecules are performed in physical space. Colli-
sions between the particles and interactions of the particles
with the boundaries of the computational region are modeled.
The flow properties are determined from the averages of the
particle properties after a very large number of such inter-
actions have taken place. A cell structure in the computational
space is used to determine potential collision partners and for
sampling of flow properties. The time parameter in the flow
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may be identifed with real time and is advanced according to
the collision frequency appropriate for the flow. An important
assumption in the DSMC method is that the molecular motion
and intermolecular collisions may be uncoupled over the small
time step At used to advance the calculation. Thus, collisions
between particles proceed until the time is advanced in the
flow by A, then the particles are moved the distance deter-
mined by their current velocities and Az. This has been shown!
to be a valid assumption when the time step is less than the
local average collision time

At < v )

where v is the local average collision frequency. The position
coordinates, velocity components, and internal state of each
molecule are stored in the computer and are modified with
time as the molecules are followed through representative
collisions and boundary interactions. In addition to changes
in translational and internal energy, collisions may resuit in
chemical reactions or ionization. Particles enter or exit the
flow at computational boundaries representing freestream, a
vacuum, or a known flow solution. Advantage may be taken
of flow symmetries to reduce the number of dimensions of
the grid and the number of position coordinates that need to
be stored, but the collisions are calculated as three-dimen-
sional phenomena. Although the flow is always unsteady,
boundary conditions may be such that a steady flow is ob-
tained as the large time state of the unsteady flow.

Models of the physical processes in the flow are required.
The Variable Hard Sphere (VHS) model is used for the mo-
lecular interaction potential. The Borgnakke and Larsen phe-
nomenological model is employed in the rotational and vi-
brational internal energy calculations. The implementation of
these models is detailed in Ref. 1. The nonequilibrium chem-
ical reactions proceed on the basis of collision energy-de-
pendent steric factors or reaction cross sections. Because data
are not generally available for the reaction cross sections, a
form of the collision theory that is consistent with the VHS
model* is used to convert temperature-dependent rate-con-
stant data to collision energy-dependent steric factors. The
reaction rates are given in Ref. 5.

For the calculations presented in this article, a one-dimen-
sional DSMC stagnation streamline program is used. This
program can be used to calculate a standing shock wave flow-
field by adjusting the boundary conditions. Initially, a stag-
nation streamline calculation is performed where the bound-
ary at one end is the undisturbed freestream while the other
boundary is a stationary wall. When the shock reaches the
desired position, molecular removal downstream of the shock
commences. The molecular removal is conducted in such a
way that mass, momentum, and energy are conserved. It has
been shown that this is achieved if the molecules are removed
. with a probability proportional to the square of their velocity
component normal to the stream.® For the standing shock
wave simulation, molecule removal is immediately adjacent
to the wall and the remainder of the flow is exactly one di-
mensional. '

Modeling of Plasmas

Several difficulties arise when the modeling of plasmas is
attempted with DSMC. In general, the DSMC programs model
only binary collisions in the flow. This is valid when three-
body collisions and multibody charged particle interactions
are insignificant in comparison with the two-body collisions
in the flow. For the hypersonic re-entry flows of interest in
this paper, multibody charged particle collisions may be ig-
nored if the ionization is less than 3-4%. Charged particles
are thus a minor species in the flow. Because each simulated
particle represents an extremely large number of real parti-
cles, flow fluctuations in the simulation are many orders of
magnitude larger than those in the real gas. These fluctuations
in a charged gas could result in the prediction of an electric

field which is far stronger than that in the real field. Also,
the electron velocity and collision frequency are much higher
than that for heavy particles. This implies a much smaller
computational time step.

In early simulations,? a simplified procedure for the mod-
eling of plasmas was adopted. To prevent the diffusion of
electrons out of the flow, each electron is associated with an
ion at the time of its formation. Collisions are calculated for
the electrons as for the heavy particles. However, they are
moved in relation to the position of their associated ion rather
than according to their velocities. This assures charge neu-
trality in the flow and eliminates the need to calculate complex
electron trajectories. The time step used in the simulation is
the one associated with molecular collisions rather than with
the electron collision frequency. Because the movement of
the electrons relative to the ions is restricted, the explicit
evaluation of the electric field is not required. Experimental
studies indicate that at high altitudes (above 70 km) the effects
of ambipolar diffusion are significant and should not be ig-
nored.” Therefore, an iterative solution to account for this
effect is used.® After obtaining a flowfield solution, the electric
field is estimated from a form of the Langmuir and Tonks®
equation:

E = (kT.Je) d[ 4 (A,))/dx )

This electric field is then considered in calculating the move-
ment of the ions and a new flowfield solution is obtained. The
calculation procedure is repeated until the solution is con-
verged. ’

A major problem with the above method is that the position
of the electrons is artificially constrained (each electron as-
sociated with a specific ion). In the real flow, electrons from
the higher temperature regions will diffuse into the lower
temperature regions and vice versa. The use of the Langmuir
and Tonks equation is questionable, because it is a continuum
formulation. The dependence of the equation on the gradient
of the electron number density magnifies the errors associated
with the statistical sampling of a minor species. Equation (2),
which is the form of the equation used in the previous DSMC
simulations, can be derived from the (continuum) momentum
equations for the ions and electrons. Its derivation requires
the following assumptions; slightly ionized gas, net current of
zero, and constant electron temperature. If the electron tem-
perature is not constant, then E'is proportional to the gradient
of electron pressure and not to the electron density. Thus,
Eq. (2) is not valid in the shock region.

In view of these difficulties, a new method for handling
plasmas with DSMC is proposed. The concept of ambipolar
diffusion is used explicitly in the modeling to determine charged
particle motion and the electric field. Ambipolar diffusion
results when the lighter electrons tend to diffuse faster than
the ions for flows involving a mass density gradient. A charge
separation and resulting electric field are produced. The elec-
tric field retards the electron diffusion while enhancing the
diffusion of the positive ions. The modeling proceeds as fol-
lows.

During the movement routine, the velocities of a charged
particle in a given cell are determined from

-

m, db,/dt = q,E 3)

The average velocity of each charged particle in a local region
is written according to this equation. Then, the average ve-
locity of ions and of electrons is determined by summing over
the charged particles in that region. The resulting equations
can be solved for the local electric field when the requirements
of a net current of zero and charge neutrality are imposed.
Details of this approach are given in the Appendix. The pres-
ent simulation accounts fully for both density and temperature
gradient effects on the electric field. -
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The electric field calculations are performed in the domain
of a supercell, which consists of several adjacent computa-
tional cells (typically about 10). The supercell must. contain
several hundred particles in order to obtain a reasonable sam-
ple of charged particles. In addition, the electric field result
is time averaged before it is used in the calculation of charged
particle motion. Because of the disparity between the collision
frequencies of the electrons and the heavy particles, each is
moved based on its own time step. This yields A, << At, and
electrons move more often than the heavy particles. The elec-
tric field E is calculated after each electron movement. The
result is smoothed over the heavy particle time step Az, and
used for the next At, in the calculations of charged particle
velocity. Once the flow has reached steady state, the electric
field is calculated by averaging.

Charge neutrality must be enforced in the simulation, be-
cause the Debye length is much smaller than any other char-
acteristic length. In the present approach, the electrons and
ions are not tied together, and charge neutrality is not au-
tomatically ensured. The following procedure is used if, after
the movement routine is exercised, the charge neutrality con-
dition is not satisfied. Randomly selected electrons in super-
cells with excess electrons are moved to randomly chosen
locations in neighboring supercells which have a deficiency of
electrons, until the number of electrons and ions in each su-
percell is equal.

Electron Impact Ionization

The flowfields considered in this study are sufficiently en-
ergetic that a significant contribution to the total ionization
is from electron impact ionization reactions. The inclusion of
these reactions in the DSMC program presents certain prob-
lems. The reactions have traditionally been handled as single
step reactions, but the available rate constants for these re-
actions are not of a form which can be used directly with the
DSMC methodology.

The continuum rate coefficients k(7T') for chemical reactions
are specified by

k(T) = aTPexp|—E /(kT)] 4)

In the DSMC method, these rate coefficients are used to
determine collisional energy-dependent steric factors. The steric
factor Pr is the ratio of the reaction cross section to the total
cross section that results in the above rate coefficient. It is
proportional to

Pre(l — EJ/E)***2,  E .= E, )
where { is a measure of the vibrational and rotational internal
degrees of freedom which may contribute to the reaction.

Because Pr is zero for E, = E,, the representation is valid as
long as

E+b+3>0 6)

The values of b glven by Park and Menees® for the electron
impact ionization impact reactions

O+e—>0"+e+e @)
N+e—->N*+e+e 8)

are —3.9 and —3.82, respectively. Because the reactants are
monatomic gases, { = 0 and the criterion indicated by Egq.
(6) is violated. The method that was employed to produce
the rates traditionally used for these reactions involves de-
termining an average flow temperature and replacing T? in
the rate coefficient by its value at that temperature. This, in
effect, changes 4(T) to

k(T) = Aexp[-E/(kT)], A =a(T.) (9

In the DSMC simulations, this is not accurate in the imme-
diate vicinity of the shock, because the temperature is chang-
ing rapidly and is considerably different from the average
temperature used in the rate calculation.

An alternate method is proposed which uses the assumption
that these two reactions proceed via a two-step chain involving
excitation followed by ionization from the excited state. Thus,
the ionization of atomic nitrogen proceeds by

N+e—>N+e (10)
N*+e—>N*+e+e (11)

with similar reactions for atomic oxygen. In his paper on
ionization in air behind high-speed shock waves, Wilson® as-
serts that the rate-limiting step in this ionization process is
the excitation of nitrogen atoms to the 3s*P state and oxygen
atoms to the 3s5S state. Experimental reaction cross sections
are available for these excitation processes from Stone and
Zipf.'>'! These cross sections are used directly in the program
when determining the probability of excitation after a colli-
sion.

The data show a much larger excitation cross section for
nitrogen than for oxygen for these two states. This suggests
a higher rate of ionization for nitrogen, but the available data
do not indicate that this is the case. An investigation of the
processes involved reveals that the nitrogen 3s*P state has a
short radiative lifetime while the oxygen 3sS state is stable.
Thus, the nitrogen may radiate from the excited state before
it has a chance to ionize. To determine if the nitrogen atom
radiates, a process similar to that used for rotational and
vibrational transitions is employed. A relaxation collision
number R is determined from the product of the radiative
lifetime and the average collision frequency for nitrogen at-
oms at that point in the flow. The quantity 1/R gives the
probability of transition for a single collision. For extremely
rarefied flows the value for R may be less than 1. This indicates
that the radiative lifetime is less than the average time be-
tween collisions and the nitrogen atom has very little chance
of ionizing by this mechanism. Therefore, this reaction is
bypassed if the relaxation collision number is less than 1.
When the DSMC resulits using the one-step reaction rates for
the same flow conditions are examined, it is found that the
electron impact ionization of nitrogen occurs very rarely. Thus,
no major discrepancy between the two methods is introduced
by bypassing this reaction for very low density flowfields.

For ionization from the highly excited state, the quantum
defect method? and the experimentally determined cross-
section equation of Lotz** are used. For a single electron in
the subshell and an impact electron energy near threshold,
Lotz gives

o, = a(E/P, — 1)(1 — b)/P? (12)

The values for the constants in the equation are determined
in accordance with the assumption that the excited states are
almost hydrogenic (¢ = 4 X 10~ cm/s, b = 0.6). This is
valid for all highly excited states of atoms. The quantum defect
method requires the formula to be multiplied by a factor of
n* where n is the effective principal quantum number:

= (Ry/(E. = P))"” (13)
Thus
g, = n*a(E/P, — 1)(1 — b)/P? (14)
Results

Results are presented for the 10 km/s standing shock wave
in air at 0.1 Torr. This flowfield is of interest because it rep-
resents the conditions of an AVCO-Everett Research Lab-
oratory shock tube measurement.' It is also representative
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of the flows which might be experienced by the AFE. In the
plots, the flow is from negative to positive x with zero at the
approximate shock center. For these conditions, the flowfield
composition through the shock and the translational temper-
ature profile are given in Figs. 1 and 2.

One of the major purposes of this article is to show that
the DSMC represents a self-consistent framework and does
not require borrowing any results from continuum theory in
order to describe slightly ionized gases. Thus, when the pres-
ent results are compared with those of Ref. 6, the objective
is not to pass judgment on the accuracy or suitability of the
Langmuir-Tonks formula. We know it is inadequate when
electron temperature gradients are important. Rather, it is to
compare with the only other particle model that was used to
calculate the flow under consideration.

The present method for the plasma calculations has a sig-
nificant effect on the electron temperature through the shock
(Fig. 3). The peak temperature is lower and occurs farther
upstream of the shock. Also, energetic electrons are present
through a much larger portion of the flow. The sharp peak
in electron temperature which is predicted with Bird’s method
is the result of limiting the electron mobility by requiring the
charged particles to move only in electron-ion pairs. The broader
distribution of energetic electrons seems more physically rea-
sonable. The shift in the peak demonstrates the tendency of
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the energetic electrons to diffuse to the lower density portions
of the flow.

The electric field for the two cases is shown in Fig. 4. The
present method shows an electric field which is larger up-
stream of the shock than that which was predicted by the
traditional method. The result agrees with the altered electron
temperature distribution. The field is strongest where the elec-
tron velocity is largest. The different in the magnitude of the
electric field may result from the use of the continuum and
constant electron temperature assumptions of the Langmuir-
Tonks equation used in Bird’s method.



404 CARLSON AND HASSAN: RE-ENTRY FLOWS WITH IONIZATION
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The electron concentration is somewhat less for the present
method than for the Bird’s method (Fig. 5). This is probably
because the peak electron temperature is lower and occurs
farther upstream where the heavy particle temperature is lower.
As a result there is less energy available for reactions involving
electron impact in this portion of the flow.

Implementing the two-step electron impact reaction model
has some effect on the results for electron temperature in the
immediate vicinity of the shock (Fig. 6). The two-step mod-
eling allows more accurate matching of the experimental cross
sections and reaction rates in the high-temperature gradient
region. The electron density (Fig. 7) is a bit smaller at the
center of the shock, but increases in the region behind the
shock. As can be seen from the concentration of nitrogen and
oxygen ions (Figs. 8 and 9) the ionization of the atoms is
increased in the region approximately 0.25 to 0.5 cm behind
the shock when the two-step modeling technique is used.

Conclusions

Some changes to the DSMC method for modeling charged
particles and electric field effects have been introduced. These
changes allow a more accurate representation of ambipolar
diffusion effects and electron impact ionization reactions. The
results are noticeably different for electron density and elec-
tron temperature in the flow. It is recommended that this
method be used in future simulations when the determination
of these properties is essential.

Appendix: Calculation of Electric Field

The instantaneous electric field in a given electric field cell
(or supercell) is determined from the consideration that the
net ion current is equal to the net electron current. The re-
sulting quantity, like many others of interest such as heat flux,
stress, etc., is given in terms of the instantaneous particle
velocities. The mean electric field at a given point in the
flowfield is determined by averaging over a large sample.

Replacing the electric field by its average value over the
time step At, the average velocity of a charged particle during

At follows from Eq. (3) as ‘
D, = U, + (g, EA2m,) (A1)

where 7, is the particle velocity at the beginning of the time
step, m; is the particle mass, and ¢, is the particle charge.
The average ion velocity for that time step is

V, = (S0,/EN.) (A2)

where « refers to an ion species and N, is the number of
particles of that species in the supercell. The average electron
velocity during the time step is

V, = 30,/N, — (eE/m,)(At/2) (A3)

where e is the charge of the electron. Because charge neu-
trality is required in the supercell, N, = ZN,,, assuming singly
ionized ions. The electric field is calculated by setting V, =
V., and solving the resulting equation. The result can be writ-
ten as

[£0.0 = S0aol/N, _

CEA2 = i+ Um,

me[zi}e.o - Eaa.ol/Ne (A4)

The above formula for the instantaneous electric field is
averaged over many samples to give the mean electric field.
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